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THE FASTEST SERIES FOR 1/π DUE TO RAMANUJAN.
(A COMPLETE PROOF USING MAPLE)
JESU´S GUILLERA
Abstract. We provide a complete proof of an impressive series for 1/pi due to
Ramanujan. The computations are made using MAPLE (a symbolic software).
1. Introduction
In this paper we give a complete proof of an impressive formula due to Ramanujan
[6, eq. 44] (first proved in [1, Chapter 5] by J. and P. Borwein):
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We let
Fℓ(x) = 2F1
(
1
s
, 1− 1
s
1
∣∣∣∣ x
)
, ℓ = 4 sin2
π
s
,
where s = 2, 3, 4, 6, and ℓ = 4, 3, 2, 1 is the corresponding level. The following
functions xℓ(q) are modular functions of levels ℓ = 4, 2, 3, respectively [3, p. 261],
that parametrize x:
x4(q) = 16q
∞∏
n=1
(
1 + q2n
1 + q2n−1
)8
, x2(q) =
64q
64q +
∞∏
n=1
(1 + qn)−24
,
and
x3(q) =
27q
27q +
∞∏
n=1
(1 + qn + q2n)−12
.
If we let β = xℓ(q), α = xℓ(q
d), then a modular equation of level ℓ and degree
d is an algebraic relation A(α, β) = 0. We will prove formula (1) from a modular
equation of level 2 and degree 29, by using the formulas obtained in [4]; see also
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[5]. According to those papers, from a modular equation of level ℓ and degree d (α
respect to β), we can derive two real Ramanujan-type series for 1/π:
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(1)3
n
(a + bn) zn =
1
π
, ℓ = 4 sin2
π
s
,
one of positive terms z > 0 and the other one being an alternating series z < 0. In
[4] we proved that they correspond respectively to the following sets of formulas:
(2) q = e−π
√
4d
ℓ , z = 4α0β0, b = (1− 2α0)
√
4d
ℓ
, a = −2α0β0
m′
0
α′
0
d√
ℓ
,
and
(3) q = −e−π
√
4d
ℓ
−1, z = 4α0β0, b = (1− 2α0)
√
4d
ℓ
− 1, a = −2α0β0
m′
0
α′
0
d√
ℓ
,
where m(α, β) is the Ramanujan multiplier.
2. A Maple procedure
Here, we will write the modular equations in the R. Russell’s form that uses two
auxiliary variables u and v:
uh = αβ, vh = (1− α)(1− β), P (u, v) = 0,
The procedure is based on the following theorems and conjecture:
Theorem 1 (Russell’s Theorem for level 4). [2, Theorems 2.1]. Let p be an odd
prime, and write
p+ 1
8
=
n
d
,
where n and d are respectively the numerator and denominator of the fraction after
we have simplified it. Then, if we let h = 8/d, there exists a polynomial P (u, v) of
degree n in u and v such that P (u, v) = 0.
Theorem 2 (Chan-Liaw’s Theorem for level 3). [2, Theorem 3.1]. Let p > 3 be a
prime, and write
p+ 1
3
=
n
d
,
where n and d are respectively the numerator and denominator of the fraction after
we have simplified it. Then, if we let h = 6/d, there exists a polynomial P (u, v) of
degree n in u and v such that P (u, v) = 0.
Conjecture 3 (for level 2). Let p be an odd prime number and write
p+ 1
4
=
n
d
,
where n and d are respectively the numerator and denominator of the fraction after
we have simplified it. Then, if we let h = 4/d, there exists a polynomial P (u, v) of
degree (p+ 1)/2 in u and v such that P (u, v) = 0.
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The fact that we know the degree of P (u, v) allows easily to find that polynomial,
and the procedure below does it automatically. Our procedure modeq(lev, p) uses
the Theorems 1, 2, and Conjecture 3, and so it works when the level lev is equal to
4, 3 or 2 and the degree p of the transformation is a prime number.
A Maple procedure that proves the modular equations that it finds.
modeq:=proc(lev,p)
local x2,x3,x4,x,alpha,beta,u,v,coe,suma,sb,
ecus,ecucoef,formu,sol,pol,dpol,pot,val,num,nu: global h,P:
x2:=q->64*q/(64*q+product((1+q^n)^(-24),n=1..300)):
x3:=q->27*q/(27*q+product((1+q^n+q^(2*n))^(-12),n=1..300)):
x4:=q->16*q*product(((1+q^(2*n))/(1+q^(2*n-1)))^8,n=1..300):
if lev=2 then x:=q->x2(q): val:=simplify((p+1)/4): h:=4/denom(val): dpol:=2*val: fi:
if lev=3 then x:=q->x3(q): val:=simplify((p+1)/3):
h:=6/denom(val): dpol:=numer(val): fi:
if lev=4 then x:=q->x4(q): val:=simplify((p+1)/8):
h:=8/denom(val): dpol:=numer(val): fi:
coe:=seq(seq(c[k-i,i],i=0..k),k=1..dpol):
num:=nops({coe}): print(level=lev, degree=p):
alpha:=q->x(q^(p)): beta:=q->x(q): sb:=dpol*(dpol+1):
u:=q->series((alpha(q)*beta(q))^(1/h),q,sb+30):
v:=q->series(((1-alpha(q))*(1-beta(q)))^(1/h),q,sb+30):
suma:=sum(sum(c[k-i,i]*u(q)^i*v(q)^(k-i),i=0..k),k=1..dpol):
ecus:=series(suma,q,sb)-1:
ecucoef:=coeffs(simplify(convert(ecus,polynom)),q):
formu:=sum(sum(c[k-i,i]*u^i*v^(k-i),i=0..k),k=1..dpol)-1:
sol:=solve({ecucoef},{coe}):
pol:=sort(subs(sol,formu),[u,v]):
P:=(uu,vv)->subs({u=uu,v=vv},pol):
print(u^h=alpha*beta,v^h=(1-alpha)*(1-beta)):
print(pol=0):
end:
Copy and paste this procedure in a Maple session.
3. Proof of the Ramanujan series (1) for 1/π
We see that the formula (1) has z0 = 99
−4. As z0 = 4α0β0 where β0 = 1− α0, we
get
α0 =
1
2
− 910
√
29
9801
, β0 = 1− α0 =
1
2
+
910
√
29
9801
,
Then, with an approximation of 20 digits, we have
m0 =
F2(α0)
F2(β0)
≃ 0.1856953381770518631.
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and we identify 1/m2
0
= 29. Hence, for proving (1), we need a modular equation of
degree d = 29 for the level ℓ = 2.
Proof of the Ramanujan series (1) for 1/π. We get the modular equation we need
by executing modeq(2,29), which give us an output of the following form:
u2 = αβ, v2 = (1− α)(1− β), P (u, v) = 0,
where P (u, v) is a very long (it is not a drawback for a computer!) symmetric
polynomial of degree 15 in u and v (see it in the Appendix). For applying our
method we first make β = 1− α, which implies u2 = v2. Then, if we choose v = u,
we get a polynomial P (u, u), which factors as
(19602u−1)(198u+1)2(6u+1)2(12996u2−3300u+1)2(8664u3+13164u2+12882u+1)2.
If we choose the following root:
(4) u0 = v0 =
1
19602
,
then, from
(5) u2 = αβ, u2 − v2 + 1 = α + β,
we get
α0 =
1
2
− 910
9801
√
29, β0 =
1
2
+
910
9801
√
29.
Differentiating P (u, v) = 0 with respect to u at u = u0, we find
(6) v′
0
= −1.
Then, differentiating P (u, v) = 0 twice with respect to u at u = u0, we get
(7) v′′
0
=
352119040
9801
.
Differentiating (5) with respect to u at u = u0, we obtain
α′
0
= β ′
0
=
1
9801
.
Then, differentiating (5) twice with respect to u at u = u0 we obtain
α′′
0
= −176059520
96059601
+
67432
94743
√
29, β ′′
0
= −176059520
96059601
− 67432
94743
√
29
As the multiplier is given by
(8) m2 =
1
d
β(1− β)
α(1− α)
α′
β ′
,
see [4], replacing the already known values at u = u0, we get
(9) m0 =
√
1
29
α′
0
β ′
0
=
1√
29
.
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Taking logarithms in (8) and differentiating with respect to u, we get
m′ =
m
2
(
β ′
β
− β
′
1− β −
α′
α
+
α′
1− α +
α′′
α′
− β
′′
β ′
)
,
and from it, we obtain
m′
0
= −8824
29
.
Finally, using the formulas (2) with ℓ = 2 and d = 29, we obtain
z0 =
1
994
, b =
52780
9801
√
2, a =
2206
9801
√
2,
which are the values corresponding to (1). 
Remark: We have obtained the values in (6) and (7), writing in Maple the following
lines (where u0 is the value of u0 and v0 is the value of v0):
T:=u->P(u,v(u))):
dv:=solve(diff(T(u),u)=0,diff(v(u),u)):
ddv:=diff(dv,u):
dv0:=subs({u=u0,v(u)=v0},dv);
ddv0:=subs({u=u0,v(u)=v0},subs(diff(v(u),u)=dv0,ddv));
4. Appendix: Modular equation of level 2 and degree 29
(u^15+v^15)
+7592191322114338383*(u^14*v+u*v^14)
-13966622568597353694807*(u^13*v^2+u^2*v^13)
+9843439764837190416529735*(u^12*v^3+u^3*v^12)
-88050856195217696119713579*(u^11*v^4+u^4*v^11)
+264881102454684464005109883*(u^10*v^5+u^5*v^10)
-339110438936155583303166131*(u^9*v^6+u^6*v^9)
+327822432596177883480907299*(u^8*v^7+u^7*v^8)
-15*(u^14+v^14)
+44151100393296850926*(u^13*v+u*v^13)
-80115946613390952012885*(u^12*v^2+u^2*v^12)
+8651254491779851942902828*(u^11*v^3+u^3*v^11)
-49687685907032270183445927*(u^10*v^4+u^4*v^10)
+7325412196773386395291122*(u^9*v^5+u^5*v^9)
+912734483936820578936054283*(u^8*v^6+u^6*v^8)
-749739327649930298909414424*(u^7*v^7)
+105*(u^13+v^13)
+111337818333508248789*(u^12*v+u*v^12)
-74674720936182298092930*(u^11*v^2+u^2*v^11)
-13575976708893635268568626*(u^10*v^3+u^3*v^10)
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+175519360241020438387389123*(u^9*v^4+u^4*v^9)
-22578235036725232913012001*(u^8*v^5+u^5*v^8)
+685632655975243084716955860*(u^7*v^6+u^6*v^7)
-455*(u^12+v^12)
+159561487140115731244*(u^11*v+u*v^11)
+174695780104364520734642*(u^10*v^2+u^2*v^10)
-11101813741117032499783812*(u^9*v^3+u^3*v^9)
+201075954132759831412608055*(u^8*v^4+u^4*v^8)
+349154723555304342205053272*(u^7*v^5+u^5*v^7)
+120037255935309848803783612*(u^6*v^6)
+1365*(u^11+v^11)
+143135164756761661287*(u^10*v+u*v^10)
+283824735558969676013571*(u^9*v^2+u^2*v^9)
+2841283696852964184955593*(u^8*v^3+u^3*v^8)
-5667068077333965779571054*(u^7*v^4+u^4*v^7)
+191014637062060944039908838*(u^6*v^5+u^5*v^6)
-3003*(u^10+v^10)
+83485085314001444082*(u^9*v+u*v^9)
-14149343647392627703263*(u^8*v^2+u^2*v^8)
+1959056070055873652195160*(u^7*v^3+u^3*v^7)
-97551625043690470733963622*(u^6*v^4+u^4*v^6)
-46531375515452749172936340*(u^5*v^5)
+5005*(u^9+v^9)
+31881828039654884597*(u^8*v+u*v^8)
-167490774279805805587756*(u^7*v^2+u^2*v^7)
+2819912808713121841341252*(u^6*v^3+u^3*v^6)
-26167312382917423680651674*(u^5*v^4+u^4*v^5)
-6435*(u^8+v^8)
+7844529197113035240*(u^7*v+u*v^7)
-30988952407873752960468*(u^6*v^2+u^2*v^6)
+3116654341158724299627864*(u^5*v^3+u^3*v^5)
+1924699491602248664685678*(u^4*v^4)
+6435*(u^7+v^7)
+1196071300121674677*(u^6*v+u*v^6)
+20439274318981208511135*(u^5*v^2+u^2*v^5)
+712650893196916561319241*(u^4*v^3+u^3*v^4)
-5005*(u^6+v^6)
+105608490494850034*(u^5*v+u*v^5)
-1295519266509406265411*(u^4*v^2+u^2*v^4)
+16061879206164618424444*(u^3*v^3)
+3003*(u^5+v^5)
+4830887024610855*(u^4*v+u*v^4)
+14111349703986483150*(u^3*v^2+u^2*v^3)
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-1365*(u^4+v^4)
+94634825344812*(u^3*v+u*v^3)
-17548052640024318*(u^2*v^2)
+455*(u^3+v^3)
+549304034965*(u^2*v+u*v^2)
-105*(u^2+v^2)
+368941806*(u*v)
+15*(u+v)
-1;
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